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lecture 16

Derivahives and shaPes of ﬂmf\ns

What does | say about f 7

\ncreggy_)g / Decreasin

T

q_Test
o) \f {1x) >0 onan nterval |, then {18 increag\ng on that interval
b I £4(x) < 0 on an nierval | then f 18 o\ecrcaelnﬂ on that interval

Pf o) let ¥, and X, beany two qumbers 0 e wlerval with x, < %

q,we have o chow that fOx) < F(%)

S 1o show thot the funchion i ncreasin
Gince '1x) >0 ,we Know Hat fe d fferentiable on (%1,%)
So by MVT ythere )s 0 number ¢ between % and X, such that
flag) - (%) = F1UN Xy =Xy )

Gnce X, < Xy 5 % =% >0 ond \’ﬂ assumph‘on i) >0, 6

the n‘ah{ hand side 18 Posnhve |

T‘mregore s fx) - ) > 0 o decired .

b) Can be Proveo\ s\}m\larlj‘



| Example Find where the funchon Fix) =3x1- 43 1x?4 5 increasing

and whete 1t 15 decreqsmﬂ ,

Sln ) = 103 - 13- 24x = 1x (x-x-2)

x (x-2)x+1)

1}

S the crihical nuwbers are when f'(c) = 0 or fl(e) does

not exist . ln this case since f‘(x\ 15 alwogs defmeo\ ,

the cntical numbers are 0,3, -1
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S we noed 1o delermme what happens in each mlerval

£12) =12(-2) (-2-2)(-a+4) < O

So funchbn mcreasmﬂ on (—1,0) U(3>°O)

funchbn o\ocroaema on (—00;'1) U (0,1)
)

Recall hat 1f ¢ 15 @ local max /min then 1t 13 acrthaal number |
but not every crtheal number 15 a local max/min . So we would like 1o

tell when a cnheal number 16 a local max /min
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THE FIRST DERIVATIVE TEST

Spse that ¢ 18 a critical nuwber of a conhinuous function f

a) \f {'chanﬂes from posttive to neaahve at ¢, then [ has a local max ate,

b) f §' changes from nec‘]ahve to .Fosﬁlve al ¢, then § has a local min at ¢,

¢) H {' does not c\nanﬁe ol ¢ (e ' positive on both ades of ¢ o1 neﬂahve

on both sidesof ¢, then { has no local max Jmin at ¢ .

N !

\ / - ‘\ | } Neither local

¢ max not Min

local vtnax .

Ex 1 loal wox at b L= 0
leal mn at 0 , fl0)=5

loca| thax at 2 | fla)=-23%



Ex 3 find the local max and minimum values of e function

S e

93 < x+demx | 0<Xx¢ an

Sl 3‘()() = | + Qcos X
To find crbical nurabers set 3‘()(\ =0

13+ deosX = 0 = 08X = —_9"_

Since we are onlﬂ worried about wterval [0,an]

Yoo colution o]c the oc1uahbn 6 X = dn ﬂg_n_

3
) o I—+Qcos(_71L)=1
! h 2
LU ~ B < |4 deos (n) = -1
‘1’.‘. 4n | 3 _
0 3 5 an l-r&cos(.il) =1

local i ot 4R | 3(3“)= ;3_7_\_+&S\n(3“)=957.‘-+3'£ ~ 3083

3

loal max ol 4n 3(41\') _ g“as.n(q_n,) 4 30 246

3
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What does " sy about § ¢

’? i Both funchions are ncreasing
| | but Hnej bend n dnfferenl
A X direchions |
T, b *

Concave downwad

(oncave qumd i
The ‘curve lies above the ’ron‘a'en’t lines The curve lies. below he *0”39’& lines

DEFINITION

e %onﬁerﬂs on an nterval T, then it 15

If the Toph of £ hes above all of

called concave upward on I .

\f +he quh of { les below oll f s *onaen{ hnes on an nerval T

bhen 1t (s called concave downward on T
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Defn A Pom{ P on a curve j = (x) s called an m{lechon point 1f f 15

conhnuous there and the curve chanﬂes from coneave quard

to concave downward o from cncave downward lo concave upwar

¢ how does second denivate helP us delermine interval of conmw‘fﬂ 7

Slope af %anﬂen’c hne 15 mcroasmﬁ

That means §' 15 ineredsing function |

which means that s derivative 15

3 posﬁwc -0 f" >0 .

Slo‘)e of }onjen‘l line 1¢ alecmaemg ,

Thol means T 1 a decreosmﬂ function

which means s derivative 16 neﬂa’nve

e f'<0




\ect 16

Concavu‘rH_Tes{

a)1f "(x)>0 for all x n T , then the 3ra‘nh of f 15 concave ulawom\ on L

b) If f“(x\ <0 for ol xn T )H\en the ﬂrapln off s concave downward on T

5 \n\f\och\on ‘)om)( 16 where the second devivative Chanaes SISn ;

Another
Application of Second dervative

T_hg Socond Denvatve Test

Suﬂ)ose U 15 contiuoug near ¢ .

a) f {e) =0 and §"(c) >0  then § has a loal o al ¢
5 it {'(c)=0 and f'(c) < 0, then f has a lowl max ot ¢

'~ Torex Port a ts frue becawse f'(x) >0 near ¢ 0 fs

} the 3raph of { hes above its

CONCOVe quord aear ¢ , This reans tha

horizontal %onﬂen{ ot ¢ and g0 f has a local minaf ¢



E_X ‘f()()rz X4 - 4)\3 ‘

(%) = a4 —~lax? = 4x* (x-3)

00 = 1ax? - a4x = 1ax (x-2)

Criheal numbers

f'(X\‘-‘O ::)4XI(X-3)=O :}4)(2._;()0' x-3 =0

Intervals o}  Increase / Decrease

lncreasnn3 on (3,%)

Decwaemﬂ on (-@,0)U (0,3)

Max / Min

local max al 3 f(3) = - ai

Netther local min nov max at O

Firsl Denvahve

Test

=x=0,3



Venfﬂ answers using Cocond Dervahve Test

f"(3) =3 >0 and f13) =0 90 local min at f(3)= -27

g0 1o information oblaned -

f10) =0 and f'(01=0

Conca vdg

Repeal Hhe same process as for the case of /D but with Qnd denvative

o §'x)=0 = xl-2)=0 3x=0 or x=2

cU on (-,0) 0 (2,%)

¢n on (0,2)

Inflechion Pom{ 10,0) 5 (2,-16)

(0:0)

(2-16 )

(3,-9%)



Ex SKetch a To‘)h of a funchbn { that catisfres the followmﬂ

conditions
a) {'(x) >0 on (-0,1) )f'(X) <0 on (1))
) f'(x) >0 on (-00,-2) U (2, 0) |, "XV <0 on (-2,1)

) lm f)=-3 ,lm flx) =0

X = -0 X — o

-t 1 !/ \‘ =
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